A linear complementary dual codes are codes whose intersections with their dual codes are trivial. In this paper, we give results on the nonexistence of some linear complementary dual codes with large minimum weights. We completely determine the largest minimum weight among all binary linear complementary dual codes for dimension 4. We also determine the largest minimum weight among all ternary linear complementary dual codes for dimensions 2 and 3.
Introduction
Linear complementary dual codes codes were introduced by Massey [12] . We say that such a code is LCD for brevity. LCD codes are an important class of linear codes for both theoretical and practical reasons (see [1] , [2] , [3] , [5] , [6] , [7] , [8] , [9] , [12] ).
It is a fundamental problem to determine the largest minimum weight d q (n, k) among all LCD [n, k] codes over F q for given n, k and q. It has been shown that any code over F q is equivalent to an LCD code for q ≥ 4 [6] . This motivates us to study binary and ternary LCD codes. Recently, the values d q (n, k) have been determined for q ∈ {2, 3} and small k. The values d 2 (n, 1) were determined in [7] . The values d 2 (n, 2) were determined in [8] .
The values d 2 (n, 3) were determined in [9] . The number of all inequivalent LCD [n, k] codes over F q were determined for q ∈ {2, 3} and k ∈ {1, n − 1} in [2] . The aim of this paper is to determine the values d q (n, k) for (q, k) ∈ {(2, 4), (3, 2) , (3, 3) }.
In this paper, we study LCD [n, k] codes over F q having large minimum weights, under the condition that (q, k 0 ) ∈ {(2, 3), (3, 2)} and k ≥ k 0 . Then the simplex [n, k] codes over F q are constant weight and self-orthogonal codes, which meet the Griesmer bound [10, Theorems 1.4.8 (ii), 1.4.10 (i) and 2.7.5]. The simplex codes play an important role in our study.
The paper is organized as follows. In Section 2, we give definitions, notations and basic results for LCD codes. In Section 3, we give some constructions of LCD codes using self-orthogonal codes. In Section 4, we give results on the nonexistence of some LCD codes with large minimum weights. These results are used in Sections 5 and 6. In Section 5, we study the minimum weights of binary LCD [n, k] codes. We give results on the nonexistence of some binary LCD [n, k] codes with large minimum weights for k ∈ {4, 5}. We show that d 2 (n, 4) = − 2 if n ≡ 0 (mod 15). We also give an observation on d 2 (n, 5). In Section 6, we study the minimum weights of ternary LCD [n, k] codes. We give some results on the nonexistence of some ternary LCD [n, k] codes with the largest minimum weights for k ∈ {2, 3, 4}. We show that d 3 (n, 2) = if n ≡ 2, 3, 4, 6, 7, 10 (mod 13) and d 3 (n, 3) = 9n 13 − 1 if n ≡ 0, 1, 5, 8, 9, 11, 12 (mod 13). We also give an observation on d 3 (n, 4).
All computer calculations in this paper were done by the program written in Magma [4] .
Preliminaries

Definitions, notations and basic results
We denote the finite field of order q by F q , where q is a prime power. An [n, k] code C over F q is a k-dimensional subspace of F n q . The parameter n is called the length of C. A generator matrix of an [n, k] code C is a k × n matrix whose rows are basis of C. The support of a vector x = (x 1 , . . . , x n ) ∈ F n q is the subset {i | x i = 0} of {1, . . . , n}. The weight of a vector x ∈ F n q is the cardinality of the support of x. A vector of C is called a codeword of C. The minimum nonzero weight of all codewords in C is called the minimum weight
We use the following notations throughout this paper. Let 0 n and 1 n denote the zero vector and the all-one vector of length n, respectively. Let O k denote the k × k zero matrix. For a matrix A, let A T and A (s) denote the transpose of A and the juxtaposition (A, . . . , A) of s-copies of A, respectively. Let Z ≥0 denote the set of nonnegative integers.
The
The following characterization is due to Massey [12] . Proposition 2.1. Let G be a generator matrix of a code C over F q . Then C is LCD if and only if GG T is nonsingular.
Throughout this paper, we use the above proposition. Let d q (n, k) denote the largest minimum weight among all LCD [n, k] codes over F q . Let
for given n, k and q. By the Griesmer bound, any [n, k] code over F q has minimum weight at most α q (n, k).
The following lemma is a straightforward generalization of [9, Lemma 2.2].
Lemma 2.2. Suppose that there is an LCD
] code over F q is constructed by deleting a zero column of a generator matrix of C.
Construction of some LCD codes
In this section, we assume that (q, k 0 ) ∈ {(2, 3), (3, 2)}. For k ≥ k 0 , we give a construction of LCD [n, k] codes over F q with large minimum weights. We use the notation [k] q = (q k − 1)/(q − 1) for a positive integer k. We define the k × [k] q F q -matrices S q,k as follows:
The matrix S q,k is a generator matrix of the simplex Let h
q,k for each i as follows:
For a matrix G q,k (m; s) of rank k, we define a code C q,k (m; s) with generator matrix G q,k (m; s). We denote C q,k (m; 0) by C q,k (m).
is an LCD code with minimum weight d 0 , then C q,k (m; s) is an LCD code of length n with minimum weight d, where
Hence, C q,k (m; s) is LCD. Since a code with generator matrix S
q,k is a constant weight code, there is a codeword of weight
. Hence, the result follows by Lemma 3.1.
Remark 3.3. Recently, quaternary Hermitian LCD codes with large minimum weights have been studied by considering simplex codes in [3] and [11] . 
Nonexsitance of some LCD codes
In this section, we assume that (q, k 0 ) ∈ {(2, 3), (3, 2)}. We give results on the nonexistence of some LCD codes with large minimum weight.
Let P = {1, . . . , v} and B = {B 1 , . . . , B b } be a collection of k-subsets of P. Then, a pair (P, B) is called a t-(v, k, λ) design if the number of sets B ∈ B such that T ⊂ B is λ for any t-subset T of P. An element in P and a set in B are called a point and a block, respectively. A 2-design (P, B) is T is at least α and
By the Assmus-Mattson theorem, the supports of all nonzero codewords in the simplex
By applying this design to (1), we have T is at least α. This completes the proof.
such that C is equivalent to the code C q,k (m).
Therefore, C q,k (m) is self-orthogonal. This is a contradiction since C is LCD. Hence, the result follows.
We are now in a position to give the following theorem. Let
for positive integers n, k, α and q.
and we obtain a matrix G of the following form:
is a k × n ′ matrix and G 0 is a k × n 0 matrix, where
Then the result of part (i) follows. The code C ′ with generator matrix S
code, where and
Hence, the code C 0 with generator matrix G 0 is an LCD [n 0 , k,
Then the result of part (ii) follows. This completes the proof.
This means that the length of C 0 is less than the length of C in Theorem 4.3 (ii). If we write n = [k] q · s + t, then the assumption qα − (q − 1)n ≥ 1 of Theorem 4.3 can be written as follows:
The inequality of this form is used to the propositions in Sections 5 and 6. 
Binary LCD codes
In this section, we give results on the nonexistence of some binary LCD [n, k] codes with large minimum weights for k ∈ {4, 5}.
Determination of d 2 (n, 4)
In [2] , the values d 2 (n, 4) are determined for n ≡ 2, 3, 4, 5, 6, 9, 10, 13 (mod 15).
In this section, we determine the values d 2 (n, 4) for n ≡ 0, 1, 7, 8, 11, 12, 14 (mod 15). Write n = 15s + t, where s ∈ Z ≥0 and t ∈ {0, 1, . . . , 14}. We list the values α 2 (n, 4) in Table 1 . 
Proof. Suppose that n ≡ 1 (mod 15). Then Proof. Suppose that t ∈ {8, 12, 14}. Then we have 3α 3 (n, 3) − 2n = s and r 3 (n, 3, α 3 (n, 3)) = 4, 6, 7 for t = 8, 12, 14, respectively. Suppose that t ∈ {1, 7, 11}. Then we have 3α 3 (n, 3) − 2n = s − 1 and r 3 (n, 3, α 3 (n, 3)) = 8, 11, 13 for t = 1, 7, 11, respectively. By [2, Table 14 ] and [9, Table 3 
Lemma 5.3. Suppose that n ≡ 0 (mod 15). If there is a binary LCD
Proof. We have d 2 (n−1, 4) ≤ α 2 (n−1, 4)−1 = α 2 (n, 4)−2 by Proposition 5.2 and Table 1 . Hence, the result follows by Lemma 2.2. In [2] , the values d 2 (n, 5) are determined for n ≥ 5 and n ≡ 3, 4, 5, 7, 11, 19, 20, 22, 26 (mod 31). In this section, we determine the values d 2 (n, 4) for n ≥ 5 and n ≡ 24, 28, 30 (mod 31). Write n = 31s + t, where s ∈ Z ≥0 and t ∈ {0, 1, . . . , 30}. We list the values α 2 (n, 5) in Table 2 .
Observation on d 2 (n, 5)
Lemma 5.6. Suppose that n ≡ 16, 24, 28, 30 (mod 31). If there is a binary (ii) Suppose that n ≡ 0 (mod 31). If there is a binary LCD [n, 5, α 2 (n, 5)
Proof. (i) Suppose that n ≡ 6, 8, 9, 12, 13, 15, 21, 23, 27 (mod 31). Then we have d 2 (n − 1, 5) ≤ α 2 (n − 1, 5) = α 2 (n, 5) − 1 by Table 2 . Suppose that n ≡ 1, 17, 25, 29 (mod 31). Then we have Table 2 and Proposition 5.7.
(ii) Suppose that n ≡ 0 (mod 31). Then we have Table 2 and Proposition 5.7. Hence, the result follows by Lemma 2.2. 
Ternary LCD codes
In [2, Proposition 4], it was shown that d 3 (n, 1) = n if n ≡ 0 (mod 3) and d 3 (n, 1) = n − 1 if n ≡ 0 (mod 3). In this section, we give results on the nonexistence of some ternary LCD [n, k] codes with large minimum weights for k ∈ {2, 3, 4}. 
Determination of d 3 (n, 2)
Write n = 4s + t, where s ∈ Z ≥0 and t ∈ {0, 1, 2, 3}. We list the values α 3 (n, 2) in Table 3 . By [1, Table 4 ], there is a ternary LCD [n, 2, d] code for
Hence, by Proposition 3.2, ternary LCD [n, 2, α 3 (n, 2)] codes are constructed for n ≥ 5 and n ≡ 1, 2 (mod 4).
Lemma 6.1. Suppose that n ≥ 2 and n ≡ 3 (mod 4). If there is a ternary
Proof. We have d 3 (n − 1, 2) ≤ α 3 (n − 1, 2) = α 3 (n, 2) − 1 for n ≡ 3 (mod 4) by Table 3 . Hence, the result follows by Lemma 2.2.
Proposition 6.2. For n ≥ 2 and n ≡ 3 (mod 4), there is no ternary LCD [n, 2, α 3 (n, 2)] code.
Proof. We have r 3 (4s + 3, 2, 3s + 1) = 1. There is no ternary LCD [3, 2, 2] code [1, Table 4 ]. Hence, there is no ternary LCD [n, 2, α 3 (n, 2)] code C with d(C ⊥ ) ≥ 2 by Theorem 4.3 (ii). Then the result follows by Lemma 6.1.
By Table 3 and Proposition 6.2, we have the following:
if n ≡ 1, 2 (mod 4), Write n = 13s + t, where s ∈ Z ≥0 and t ∈ {0, 1, . . . , 12}. We list the values α 3 (n, 3) in Table 4 .
It is trivial that F Table 4 ], there is a ternary LCD [n, 3, d] code for (n, d) ∈ {(5, 2), (6, 3), (7, 4) , (8, 4) , (9, 5) , (10, 6 )}.
For t ∈ {8, 9, 10, 11, 12}, we found the codes C Proof. Suppose that n ≡ 1, 5, 8, 9, 11, 12 (mod 13). Then d 3 (n − 1, 3) ≤ α 3 (n, 2) − 1 by Proposition 4.2 and Table 3 . Hence, the result follows by Lemma 2.2. T is nonsingular or not. If there is no ternary LCD [n, 3, d] code for d = α, then we consider the case d = α−1. By using the above method, our computer calculation shows the following: (8, 5) , (9, 6) , (11, 7) , (12, 8) Proof. Write n = 13s + t, where s ∈ Z ≥0 and t ∈ {0, 1, . . . , 12}. Suppose that t = 1. Then we have 3α 3 (n, 3) − 2n = s − 2 and r 3 (n, 3, α 3 (n, 3)) = 9. By Lemma 6. By Table 5 and Proposition 6.6, we have the following: Theorem 6.7. For n ≥ 3, Write n = 40s + t, where s ∈ Z ≥0 and t ∈ {0, 1, . . . , 39}. We list the values α 3 (n, 4) in Table 7 .
It is trivial that F 
